The short-scan case in fan-beam computed tomography requires the introduction of a weighting function to handle redundant data. Parker introduced such a weighting function for a scan over plus the opening angle of the fan. In this article we derive a general class of weighting functions for arbitrary scan angles between plus fan angle and 2 ͑over-scan͒. These weighting functions lead to mathematically exact reconstructions in the continuous case. Parker weights are a special case of a weighting function that belongs to this class. It will be shown that Parker weights are not generally the best choice in terms of noise reduction, especially when there is considerable overscan. We derive a new weighting function that has a value of 0.5 for most of the redundant data and is smooth at the boundaries.
I. INTRODUCTION
In x-ray computed tomography ͑CT͒, objects can be reconstructed from projection data collected over an angular range of 2. However, it is not necessary to acquire projections over the full circle to reconstruct a complete cross section of the object. Using so-called ''short-scan'' approaches, the scanning time is reduced and the total dose is potentially decreased. In third-generation fan-beam CT scanners, the range of gantry angles required to collect the ''minimal complete data set'' equals plus the opening angle of the fan. However, a short-scan set of fan projections cannot be reconstructed by means of straightforward filtered backprojection because it contains redundant data. There are various approaches for considering the redundant data.
͑i͒
In parallel rebinning algorithms as proposed by Dreike and Boyd, 1 a set of equivalent parallel-beam projections within a view angle range of is obtained from the recorded short-scan fan-beam data. Except for specific acquisition geometries, this so-called rebinning step requires two successive ͑linear͒ interpolations for each line integral in the parallel-beam data set. Spatial resolution is therefore potentially slightly decreased. Once the parallel projections have been estimated, a standard parallel-beam image reconstruction algorithm is applied. ͑ii͒
In complementary rebinning techniques, the missing part of the short-scan projection data set is filled out using the measured rays. Standard filtered backprojection is then applied. Complementary rebinning can be performed without interpolation on discrete data if the central ray is exactly centered with respect to the detector array ͑i.e., if no detector quarter shift for virtually doubling the sampling frequency is applied͒ and if the view angle pitch is twice the fan angle pitch. In practice, CT scanners take substantially fewer projections per turn than suggested by the latter condition. ͑iii͒ Naparstek 2 showed that the problem of redundant data can be solved by applying a suitable weighting function to the sinogram. Primarily, he used a sharp binary weighting function, but he also mentioned that improved results could be achieved by using smoother functions. Parker 3 introduced a smooth weighting function applicable to the minimal complete data set. These weights have become known as the ''Parker weights'' and have been widely used since then. The Parker weights were recently extended to the case of data sets larger than the minimal complete one, and less than or equal to that of a 2 scan, which is often referred to as ''over-scan. This article deals with sinogram weighting. To the knowledge of the authors, there is no proof in the literature that the Parker weights lead to accurate results or that they are mathematically exact. In fact, Zeng and Gullberg 7 argue that a short-scan reconstruction involving Parker weights would be an approximation, but they do not give a mathematical proof either.
In this article, we derive a sufficient condition for weighting functions that guarantees mathematically exact reconstructions for filtered backprojection based on continuous sinograms. These weighting functions are applicable to minimal complete as well as to over-scan data sets. We show that the Parker weights belong to this general set of functions. Furthermore, we derive a specific function that considers the discretization of the problem and the effect of photon noise in the projections. Finally, we demonstrate that, in the presence of noise, this new weighting function leads to slightly better results than the simple extension of the Parker weights previously proposed by Silver. 
II. SHORT-SCAN WEIGHTS FOR CONTINUOUS DATA
To investigate feasible short-scan weights for continuous data, the well-known reconstruction formula for parallel projections is first transformed to fan-beam geometry. At this point, a general weighting function is introduced. A sufficient condition for the weights is then derived which ensures mathematically exact reconstruction.
A. Formulation of the problem
In the case of a parallel-beam geometry, the reconstruction formula is given by
where g(,t) is the line integral of f (r) at view angle and detector position t, r is the point to be reconstructed, and n is the unit vector perpendicular to the projection ray. Usually, the -integral is taken over the interval from 0 to . For reasons that will soon become apparent, we introduce a shift by ␦. The parallel-beam coordinates ͑,t͒ are now replaced by fan coordinates ͑␤,␣͒, where ␤ is the view angle of the fan projection, and ␣ is the angle within the fan. Provided the object to be reconstructed is of limited spatial extent, the fan angle ␣ can be restricted to a certain range from Ϫ␦ to ␦ with ␦Ͻ/2. Hence, the opening angle of the fan, which is assumed to cover the object completely in all views, equals 2␦. The relationship between parallel and fan coordinates is t ϭR sin ␣ and ϭ␤ϩ␣ with the Jacobian R cos ␣. The reader is referred to Ref. 8 for further details.
The reconstruction formula for fan-beam data sets can now be written as
This formula cannot be implemented as filtered backprojection because the integration over the view angle ␤ depends on the fan angle ␣. The order of integration, therefore, can not be changed such that the filtering step is performed before and independent of the backprojection. However, if the integration range within the sinogram depicted in Fig. 1͑a͒ is extended from the parallelogram III to the rectangle IϩII ϩIII, the ␤ integration becomes independent of ␣.
The projection rays which are represented by the two triangles I and II are redundant because the middle region III already contains that data. By extending the integration to the whole rectangle, the introduction of a weighting function is necessary to handle the extra ͑redundant͒ data. Denoting this weight by (␤,␣), the reconstruction formula becomes
In this equation, the order of integration can be changed. The only difference between this short-scan and the full-scan formula is, besides the shorter range of ␤ integration, the weighting function (␤,␣) which has to be applied before reconstruction. In particular, Eq. ͑3͒ can be rewritten in the form of a modified filtered backprojection algorithm as shown, for example, in Ref. 8 .
With the following definition of a binary weighting function,
Eq. ͑3͒ becomes equivalent to Eq. ͑2͒. However, in practical reconstruction algorithms operating on discrete data the integrals have to be approximated by sums. In this case, the application of 1 (␤,␣) leads to large numerical errors because of its discontinuities, as already shown by Naparstek. Fortunately, 1 (␤,␣) is not the only possible weighting function. A sufficient condition for weighting functions which ensures mathematically exact reconstructions in the continuous case is derived in the following. Weighting functions which satisfy this condition and are applicable to discrete data are also investigated.
B. Symmetries in fan-beam geometry
The integrand in Eq. ͑3͒ satisfies some symmetry conditions which are needed for the following derivation. First of all, the line integral for ray (␤,␣) equals that of ray (␤ϩ ϩ2␣,Ϫ␣) as shown in Ref. 8 . Furthermore, the vector n ␤ϩ␣ is reversed if the index ␤ϩ␣ is changed to ␤ϩϩ␣, i.e., n ␤ϩ␣ ϭϪn ␤ϩϩ␣ . The filter kernel h exhibits the symmetry h(t)ϭh(Ϫt). Hence, a symmetry condition for the integrand of Eq. ͑3͒, which is denoted as g (␤,␣) in the following, is given by
Using this symmetry, a condition for the weight (␤,␣) is derived in the following subsection.
C. Derivation of short-scan weights
The equality g(␤,␣)ϭg(␤ϩϩ2␣,Ϫ␣) of two opposite rays leads to a modified sinogram which is often referred to as ''Parker sinogram'' 3 ͓see Fig. 1͑b͔͒ . The regions IЈ and IIЈ are part of the former region III. These two regions contain data that are also contained in regions I and II, respectively, which is evident from the symmetry mentioned above.
A weighting function (␤,␣) leads to a mathematically exact reconstruction if the integral in Eq. ͑3͒ equals those of the full-scan case given in Eq. ͑2͒. Obviously, the weighting function has to be one within the parallelogram IIIЈ because there is no redundancy in this region. Therefore, the integration over the two regions IЈ and IIЈ without applying a weighting function has to equal the integration over the four regions I, IЈ, II, and IIЈ involving the weights (␤,␣). This is the only necessary condition for (␤,␣) required in the continuous case.
Before deriving a set of weighting functions, the ''Parker sinogram'' is extended to data sets that are larger than the minimal complete one. Scanning over a range greater than ϩ2␦ leads to an ''over-scan'' ⑀, 0р⑀рϪ2␦. This results in the sinogram shown in Fig. 1͑c͒ . For ⑀Ͼ0, a rectangle is added to region II and a parallelogram is added to region IIЈ, which are then both trapezoid-shaped. Including the over-scan, Eq. ͑3͒ is replaced by
assuming that the definition of (␤,␣)accounts for a specific over-scan ⑀.
The corresponding regions in Fig. 1͑c͒ to be considered are region I with region IЈ and region II with region IIЈ. For each of them, the integral containing the weight (␤,␣) is compared with the unweighted integral over I and IIЈ, respectively. 
If the sum of the weights in the rectangular brackets is 1, the last integral is the integral of g (␤,␣) over region I. This equals the integral of g (␤,␣) over region IЈ thus showing the condition for exactness is fulfilled. Accordingly, for regions II and IIЈ the integration is given by
If the sum of the weights in the rectangular brackets equals 1 again, the last integral is the integral of g (␤,␣) over region IIЈ. Hence, in both cases the desired equality of the integrals can be satisfied by the condition ͑␤,␣ ͒ϩ͑ ␤ϩϩ2␣,Ϫ␣͒ϭ1. ͑11͒
As pointed out earlier, (␤,␣) must have the value of unity within the middle region IIIЈ, since this area does not contain any redundant data. Introducing a function (␤,␣), ͓0,1͔, defined in the lower trapezoid of the sinogram, and using Eq. ͑11͒, the desired function (␤,␣) can be written in the following form:
͑12͒
This formula describes a sufficient condition for short-scan weights which, applied prior to continuous filtered backprojection, ensures mathematically exact results.
III. SHORT-SCAN WEIGHTS FOR DISCRETE DATA
Although the sufficient condition for short-scan weights derived in the previous section is fairly simple, the situation is more complicated for discrete and noisy data. This is outlined in the following subsection. The Parker weights, 3 which have been widely utilized in short-scan implementations, are then revisited using a new notation. Furthermore, an alternative weighting function is defined and compared to the Parker weights based on computer simulations.
A. Design requirements
There are two conflicting requirements when appropriate short-scan weights are to be defined which consider both the discrete and noisy character of projection data obtained in real measurements.
On one hand, the weighting function (␤,␣) should not introduce aliasing artifacts. Therefore, (␤,␣) has to be band-limited ideally. This cannot be achieved in practical implementations, since a band-limited function does not exhibit compact support. In the literature, short-scan weights are often required to be a smooth function in a quite general sense. This means that its two-dimensional Fourier transform with respect to ␤ and ␣ should vanish above the Nyquist frequencies determined by the sampling intervals in order to avoid severe aliasing.
On the other hand, a high signal-to-noise ratio ͑SNR͒ in the images is desired when reconstructions are performed on measured projection data. In the following, only the photon statistics of the x-ray transmission data are considered; other sources of noise such as, for example, electronic noise in the detector are neglected. A short-scan weighting function 0.5 (␤,␣) applying a value of 0.5 to all redundant data is optimal in terms of noise reduction, since the measurements of all line integrals can be assumed to be statistically independent. A rigorous mathematical proof of this statement follows directly from the Gaussian law of error propagation and is therefore not included here. The function 0.5 (␤,␣), however, introduces infinitely high frequencies into the sinogram.
It is obvious that there must be a trade-off between these two aims. It is therefore not possible to define a general optimal short-scan weighting function. The, in some sense, best choice depends on the particular projection data set and the requirements of each specific application.
B. Parker weights
One possible smooth form of (␤,␣) is given by the Parker weights. 3 They can be composed of smooth S-shaped functions of the form
͑13͒
It is interesting to note that these functions result from a convolution of the Heaviside step function with the smoothing filter (/2) cos(␤Ј) within ͉␤Ј͉р1/2. Of course, this is not the only possible smoothing filter. In fact, other filters might lead to better results, but this question is not within the scope of this article.
Adapting the S-functions to the lower trapezoid of Fig.  1͑c͒ in the direction of ␤ yields
͑14͒
With the help of Eq. ͑12͒, the Parker weights P (␤,␣) are obtained over the entire sinogram. They can be written as
͑15͒
The Parker weights can be considered as a smoothed version of the binary weighting 1 (␤,␣) function in Eq. ͑4͒ obtained by filtering 1 (␤,␣) with a filter of spatially varying width in the direction of ␤.
Although the Parker weights are generally smooth, they still exhibit discontinuities at (␤,␣)ϭ(0,␦) and (␤,␣)ϭ( ϩ2␦,Ϫ␦) if ⑀ϭ0. These discontinuities do not cause artifacts if the field of view is slightly larger than the object to be reconstructed, i.e., if g(0,␦)ϭg(ϩ2␦,Ϫ␦)ϭ0. Alternatively, practical difficulties can be avoided by introducing a small over-scan ⑀Ͼ0.
C. A new weighting function
In this subsection, a new weighting function is to be developed which combines the advantageous property of 0.5 (␤,␣) in terms of high SNR with the smoothness of Parker weights to avoid streak artifacts. The weighting function should have a value of 0.5 over as wide an area as possible and smooth transition zones of length b at the boundaries.
An example of such a function is shown in Fig. 2 . The length of the transition zones, b, can be set to a constant b 0 . However, this requires some over-scan ⑀у2b 0 because otherwise there would not be enough space for the transition zone at the right side of the lower trapezoid and at the left side of the upper trapezoid in Fig. 1͑c͒ . Another possibility is to set b to a certain percentage q of the height B of the trapezoids in the direction of ␤. Let us consider the lower trapezoid. For a given ␣ its height is B(␣)ϭ2␦Ϫ2␣ϩ⑀. Thus, in this case b also depends on ␣, and it is b(␣) ϭqB(␣).
A straightforward definition of the new weighting function N in the lower trapezoid is the sum of two S-shaped functions defined in Eq. ͑13͒ at two different positions which leads to
Note that in the special case where qϭ1, i.e., b(␣) ϭB(␣), these weights reduce to the Parker weights. With the help of the relation ͑12͒, the new weights N ͑␤, ␣͒ are determined in the whole sinogram. They can be written in the explicit form
͑17͒

D. Experimental comparison
The SNR results achievable with P (␤,␣) and N (␤,␣) were compared using synthetic projections which consider the photon statistics of x-ray transmission data. Beamhardening, scatter, and electronic noise in the detector were neglected. A monoenergetic photon beam of 60 keV was assumed which is the mean energy in a typical, diagnostic 120 kVp spectrum.
The geometry of a typical third-generation CT scanner was used for the simulations. In this geometry, 1056 equally spaced fan-beam projections are collected over the full circle. The distance from the source to the axis of rotation is 57 cm, and the source-to-detector distance is 100 cm. The curved detector consists of 768 bins and covers a fan angle of Ϯ26°. Each fan projection comprises 1536 samples at a spacing of half of the bin size to fulfill the Nyquist condition. X-ray projections were simulated for a homogeneous water disc of 10 cm radius and an air calibration scan. At the energy of 60 keV, the linear attenuation coefficients for water and air are 2.046ϫ10 Ϫ1 cm Ϫ1 and 2.243ϫ10 Ϫ4 cm Ϫ1 , respectively. 9 For each detector sample, seven equally spaced line integrals, calculated analytically, were averaged in order to approximate stripe integration over the finite bin size. The line integrals were converted to the mean number of photons that is expected to be detected, assuming an effective source fluence of 6ϫ10 5 photons per bin. The actual value for each sample in the phantom sinogram, N, and the air calibration sinogram, N 0 , was drawn from a Poisson distribution with the corresponding mean detected signal. The final sinogram was calculated performing the common ln(N 0 /N) normalization.
Using the parameters mentioned above and assuming a slice thickness of 3 mm, the complete CT scan would result in an effective dose of about 5 mSv at the center of the water phantom according to the conversion factors provided by Rogers. 10 This is typical for doses delivered during diagnostic x-ray CT examinations.
Ten CT images were reconstructed for the full-scan ͑with-out applying a weighting function͒ as well as for different short-scans involving extended Parker weights 3, 4 and the new function derived above. The over-scan ⑀ was varied between 0 ͑minimal complete data set͒ and 2Ϫ2␦ ͑full data set͒. For the new weighting function, the parameter q was chosen to be 0.1, since this value has been found to be the smallest possible q avoiding streak artifacts for the geometry described above. The reconstruction algorithm utilizes a cotangent filter kernel applied in real space and a voxel-driven, weighted backprojection ͑see, e.g., Ref. 8 for further details͒. The images consist of 256ϫ256 square pixels at a pitch of 0.5 mm in each direction. The signal-to-noise ratio was calculated in regions of interest comprising 128ϫ128 pixels in ten images for each case.
The results of the computer simulations plotted in Fig. 3 indicate clearly that the new weighting function results in slightly higher SNR values than the Parker weights, especially if there is a considerable over-scan ⑀.
IV. DISCUSSION AND CONCLUSION
In this article, we derived a sufficient condition for shortscan weights to be used in fan-beam computed tomography. Any weighting function that fulfills this condition leads to an exact filtered backprojection reconstruction for ideal, i.e., continuous and noise-free, projection data, provided the cutoff frequency of the reconstruction filter is sufficiently high. The condition applies to minimal complete scanning as well as to overscan cases. The Parker weights and their recent extension to over-scan cases fulfill the condition and are therefore an example of a weighting function that is exact in the above sense, i.e., when applied to ideal data.
In the practically relevant discrete case, the weighting function must also be band-limited, such that the sampling condition can be fulfilled. In particular, the weights have to be smooth. The Parker weights are smooth but not bandlimited. In fact, such band limitation directly conflicts with the requirement that the weighting function has to be of limited spatial extent. Hence, there is no way to make short-scan reconstruction with filtered backprojection exact when the projection data are discrete. As a result, there will always be more or less severe artifacts, generally showing up as streak artifacts. However, with the Parker weights these artifacts can be kept within an acceptable limit. We have shown that the S-shaped Parker weights can be considered as a convolution of a step function with a ͑cosine͒ smoothing filter. The symmetry condition could also be fulfilled by choosing any other spatially limited smoothing filter. Hence, it might be possible to achieve even better results with a filter that suppresses high spatial frequencies more effectively.
Another source of error besides discretization is noise in the projection data. For optimum noise reduction, the short scan weights should have a value of 0.5 for all redundant data and a value of unity for the nonredundant data. However, this sharp weighting function does not fulfill the bandlimitation constraint. We therefore introduced a new weighting function that is a combination of the 0.5 weighting and the S-shaped Parker weights. Its application to artificial data shows that it leads to slightly improved signal-to-noise ratios when compared with the Parker weights. The larger the overscan the more significant is this effect. The improvement is basically at no cost. As a further development it might be worthwhile to optimize the ratio between the length of the S-shaped transition zones and the 0.5-weighted region with respect to finding the best compromise between reduction of noise and avoidance of streak artifacts.
Although the derivations presented here consider only two-dimensional fan-beam CT, they can be generalized to a three-dimensional cone-beam geometry with a singlecircular source trajectory using the Feldkamp approximation 11 in a straightforward manner. 
